In this paper, we show that tree level 2 → 2 scattering amplitudes in 3d N = 2 Chern-Simons theory coupled to a fundamental chiral multiplet are dual superconformal invariant. We further show that the large N all loop exact amplitude computed in [1] , also has dual superconformal symmetry, which implies dual superconformal symmetry is all loop exact which is in contrast to other known highly supersymmetric examples such as N = 4 SYM and ABJM where the dual superconformal symmetry is in general anomalous. We then reverse the argument and ask, is it possible to fix the amplitude completely based on general principles. We show, dual superconformal invariance fixes the momentum dependent piece leaving the coupling constant dependence unfixed. We use a combination of parity invariance, unitarity and self-duality of the amplitude to constrain the coupling constant dependence of scattering amplitude. We also show, in the dual space CFT, the four point scattering amplitude can be interpreted as correlation of function of some operators. Interestingly, the full four point correlation function in the 'u-channel'comes from identity exchange.
I. INTRODUCTION
Scattering amplitudes are one of most basic and interesting observables in quantum field theories. The usual method of computing these amplitudes via the Feynman diagrams, though very useful, is usually restricted only to low orders in perturbation theory and small number of scattering particles as the computational difficulty rapidly increases with the number of loops and particles involved.
The study of scattering amplitudes in highly (super) symmetric QFTs have revealed that Feynman diagrams are perhaps not the best way to go about studying scattering amplitudes. Over the past decade or so, a lot of progress has been made in alternative ways to compute amplitudes that utilize hidden symmetry structures not visible directly from the Lagrangian [2] [3] [4] , both for tree amplitudes as well as for efficient loop computations (see [5] and reference therein for more details).
In such endeavors it is useful to have models where one can compute observables exactly. Such examples serve as a useful ground for development and testing of new techniques and ideas. Though such models may or may not have a direct connection to intended real world physics, nevertheless, they can provide crucial insights into the structural features for similar observables in more realistic models. 4d N = 4 SYM and 3d N = 6 ABJM theory are well known examples of such models. These theories have some remarkable properties. They have weakly coupled 1 holographic duals that are extremely useful for computing corresponding observables in the strong coupling limit of the field theory. Scattering amplitudes in these models show some unusual symmetries, such as Dual Superconformal symmetry and infinite dimensional Yangian symmetry, that have led to remarkable developments such as an Orthogonal Grassmanian representation for the scattering amplitude [6] .
These theories are both maximally supersymmetric in their respective dimensions. So it is natural to ask, if these features are necessarily tied to the high amount of supersymmetry or can one have theories with lesser, or perhaps, no supersymmetry and still retain some, or all, of these nice features of scattering amplitudes?
In this paper, building upon a growing body of work in recent years, we show that Chern-Simons theory coupled to matter in fundamental representation in the large N limit is another such class of models that possess many of the above mentioned nice features. These theories have been a subject of intense research over the past few years and via a series of impressive all loop exact computations of a variety of observables lots of non trivial evidence has been gathered for a Strong-Weak Bose-Fermi duality. These models show other interesting features such as the existence of weakly broken higher spin symmetry and holographic duality with Vasiliev higher spin theories in AdS 4 . Apart from these formal considerations, the finite N version of these theories also have relevance for condensed matter, namely quantum hall systems. The large N Bose-Fermi dualities in these theories have later also been conjecturally generalized [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] to finite N . These theories are easily generalized to include supersymmetry where the Strong-Weak Bose-Fermi duality is related to the known supersymmetric dualities proposed in [49] , generalizing the Giveon-Kutasov duality [50] .
In [1] , an all loop exact computation of the 2 → 2 scattering amplitudes in N = 1 and N = 2 supersymmetric version of these theories with a single chiral multiplet was performed. Quite surprisingly, it turned out that, in the large N limit, the 2 → 2 scattering amplitude in N = 2 theory does not get renormalized by loop corrections, except in the anyonic channel 2 where the quantum corrections only lead to a very simple overall coupling dependence. Further, it was recently shown in [51] , that all the tree level scattering amplitudes can be computed using BCFW recursion relation for N = 2 theory.
In this paper, by explicitly performing the check on the exact result of [1] , we show that the 2 → 2 scattering amplitude in N = 2 theory is Dual superconformal invariant to all loop order. All these developments strongly suggest that along with N = 4 SYM in 4d, N = 2 CS theory with fundamental representation, might turn out to be an excellent model to many new developments for modern techniques in scattering amplitude computation.
The letter is organized as follows. In section II, we begin with a brief summary of scattering amplitudes in N = 2 CS matter theory. In section III, we introduce the dual coordinates and show the Dual Superconformal invariance of the scattering amplitude at all loop. In section IV, we reverse the argument and ask, is it possible to fix the amplitude completely based on general principles? We show, dual superconformal invariance fixes the momentum dependent piece leaving the coupling constant dependence unfixed. We use to combination of parity invariance, unitarity and self-duality of the amplitude to fix coupling constant dependence in anyonic channel. In 2 Following [21] , we refer the gauge singlet exchange channel in the particle-antiparticle scattering as the anyonic channel. As explained in [21] , the crucial feature in this scattering channel is that the Aharonov-Bohm phase, which imparts anyonic nature (fractional statistics) to the scattering particles, survives in the large N 't Hooft limit in this channel.
section V, using the fact that, in dual space the scattering amplitude can be thought of as correlation function of some operators, we show that full amplitude can be accounted for just by an identity operator exchange in one of the OPE channel of the correlator, which implies that the dual CFT is free. We end in section V with discussion of the results and a list of possible future directions.
II. SCATTERING AMPLITUDE
In this section, we start with a brief review of the results for scattering amplitude computations performed in [1] . We will mainly focus on N = 2 SU (N ) Chern-Simons theory at level κ coupled to a single chiral multiplet in fundamental representation. The action for the theory is
This theory has been conjectured [49] to have a strongweak type self duality. The duality transformation on parameters, in a 't Hooft like large N limit of κ, N → ∞
To study the scattering amplitudes, it is convenient to introduce the spinor helicity basis [5] , defined by
Henceforth, we use the notation ij ≡ λ α i λ jα . The two on-shell supercharges for n point scattering amplitudes are given by
where η is the on-shell spinor variable (see section II of [51] for more details).
Tree level 2 → 2 scattering: We divide the scattering amplitude into two categories, namely anyonic and non-anyonic. To explain this, let us consider scattering two particles, one in fundamental and another in anti fundamental. This scattering can happen through two channels, namely adjoint and singlet (see [21] for details). Similarly, we can consider scattering of two particles, both in fundamental representation. The intermediate channel would be symmetric or anti-symmetric channel. We call, scattering through singlet channel to be anyonic where as rest of the channels are called non-anyonic channel. As was shown in [1] , at tree level one can go from anyonic to non-anyonic channel using usual crossing symmetry. However, at the loop one needs to modify the crossing relation (see [1, 21] for details).
The tree level 2 → 2 super-amplitude in this theory is given by [51] T tree = 4π κ
Exact loop level 2 → 2 scattering: Surprisingly, it was shown in [1] that in the large N limit the 2 → 2 scattering amplitudes in this theory do not get renormalized by loop corrections except in the anyonic channel where the quantum corrections lead only to a very simple overall coupling dependence. The amplitudes are given by
The full 2 → 2 S-matrix takes the very simple form
Note that in the anyonic channel, consistency with unitarity demands that the forward scattering amplitude, I, also gets renormalized. This renormalization of forward scattering is a reflection of the anyonic phase as explained in [1, 21] . This exceptional simplicity of the exact 2 → 2 S-matrix in this theory begs for a symmetry based explanation. The main aim of the current paper is to make progress in this direction based on an exact loop level dual superconformal symmetry.
III. DUAL SUPERCONFORMAL SYMMETRY
Dual superconformal invariance has played a crucial role in computation of scattering amplitudes both in N = 4 SYM as well as in N = 6 ABJM theory. This has led to new developments like Yangian invariant Grassmanian representation. Both of these examples are highly supersymmetric and it was commonly believed that dual superconformal invariance may be related to high amount of supersymmetry. In this section we will show that, in spite of much less supersymmetry, namely N = 2, the theory has dual superconformal invariance. This symmetry is nothing but superconformal invariance of the scattering amplitude when expressed in the dual variables, that we introduce shortly. As we will see, this symmetry is not manifest either in usual momentum variables or in position superspace variables.
We begin our discussion with the definition of the dual space coordinates and dual superconformal transformation in the next two subsections and later show the invariance of the four point amplitude in (5).
A. The dual space
Following [2, 52] , we define the dual space co-ordinates (x, θ) as
where i = 1, . . . , n. We also impose the conditions that x n+1 = x 1 and θ n+1 = θ 1 . These condition imply
In the dual space, we wish to show the existence of an additional symmetry that is manifest at the level of the amplitudes, namely the Dual Superconformal Symmetry.
To show this, let us start by defining its action on the dual coordinates {x
B. Action of dual superconformal generators
As we will show, the dual superconformal symmetry in the amplitudes (5) will form the supergroup osp(2|4)
3 . We will denote the dual superconformal generators with upper case letter
where the symbols have the usual meaning. By definition, the dual superconformal generators act on the dual coordinates {x αβ i , θ α i } in the standard way, namely, as the following differential operators
To define the action of K αβ , S α ,S α we will make use of the standard technique of using Inversion operation which acts on the dual coordinates as follows
Using the Inversion operation, K αβ , S α ,S α can be implemented as follows
In the next subsection we show that the amplitude (5) is invariant under the action of dual superconformal symmetry generated by the operators defined in this section.
C. Dual superconformal symmetry of four point amplitude
The super-amplitude (5), rewritten in terms of the dual coordinates using (9), takes the following form
where, in defining A 4 , we have stripped off the coupling constant dependent factor that appears in (5) and (6) . In this form, the invariance of A 4 under supertranslations and Lorentz rotations generated by {P αβ , Q α , M αβ } is obvious, since A 4 is only a function of squared differences of the dual coordinates 4 . Further, A 4 transforms as an eigenfunction of weight +4 and +2 under D and R respectively. The invariance underQ α , though not readily obvious, follows from straightforward algebra that we outline in appendix (C).
In the next two subsections we will show the invariance of A 4 under K αβ and (S α ,S α ) respectively using the action of Inversion operation on dual coordinates (14).
Invariance under K αβ
Since we will be using Inversion on A 4 , we would need the transformation of the δ-functions under Inversions. Using the definitions
and the transformation (13), it follows that
This implies the following transformation property for the product of these δ-functions
4 The delta functions are also clearly translationally and rotationally invariant.
This should be contrasted with the case of 4d N = 4 SYM and N = 6 ABJM, where the similar product of δ-functions turns out to be invariant under dual Inversions. Below we show that in spite of this non-invariance, the action of K αβ and (S α ,S α ) on A 4 turns out to have a particularly simple form consistent with dual superconformal invariance.
To show this let us apply the K αβ in (14) on our amplitude A 4 in (5), we get
Now, using the invariance of A 4 under P αβ and (13) we have
which can be rewritten as
This establishes the invariance of A 4 under the shifted dual special conformal generatorK αβ as in the case of ABJM and N = 4 SYM theories. Let us note that as opposed to the case of N = 6 ABJM and 4d N = 4 SYM) where one gets {∆ j } = {1, 1, 1, 1}, we get different values, namely {∆ j } = {3, 1, −1, 1}. The differences in the weights is associated with the reduction of supersymmetry.
2.
Invariance under Sα andSα
To show the invariance under dual conformal supercharges S α andS α , we follow the same procedure as in the previous subsection.
Let us first look at the action of S α . The invariance under S α works in a rather trivial fashion
since Q α annihilates all the terms inside the bracket.
The invariance underS α , on the other hand, works non trivially and in a manner very similar to that under K αβ
This establishes the invariance of the amplitude A 4 under the shifted generatorsS α . Notice that in this case as well the required shift inS α has exactly the same form as
Together (22), (23) and (25) prove dual osp(2|4) superconformal invariance of our scattering amplitude (5).
D. Dual-Superconformal invariance at tree and loop level
The computations in the previous subsection show that the tree level scattering amplitude, related to the A 4 via
is dual superconformal invariant. Further, as discussed in section (II), in the 't Hooft large N limit the all loop 2 → 2 scattering amplitude in this theory, (6) , is tree level exact except in the anyonic channel where it gets renormalized by simple function of 't Hooft coupling (λ).
Since the momentum dependence of the all loop amplitude and tree level amplitude are identical to that of A 4 , it follows that the dual superconformal invariance is exact symmetry to all loops in our theory. The dual superconformal invariance shown above provides a possible explanation for the simplicity of the exact 2 → 2 S-matrix in this theory. In the next section, we explore this question in the reverse direction i.e. how much does exact loop level dual superconformal invariance constrains the S-matrix.
IV. CONSTRAINING 2 → 2 SCATTERING AMPLITUDE IN CS MATTER THEORY BASED ON SYMMETRY
Till now, we have seen that the all loop exact answer for the scattering amplitude shows dual superconformal invariance. In this section we reverse the argument and ask, is it possible to fix the amplitude based on general symmetry principles. We show that dual superconformal invariance, along with on-shell condition, completely fixes the momentum dependence of the amplitude. Afterwards we further give constraints on the coupling constant dependent piece using a combination of parity invariance, unitarity and self duality of our theory.
To start with, we demand
• At the level of four point function, dual super conformal invariance is exact at all loop.
To implement this, let us compute four point function of operators O i (x i ) of scaling dimension ∆ i . These operators are positioned at x i such that (x i+1 − x i ) 2 = 0. The dual conformal invariance implies 
The function f (u, v, κ, λ) is a function of cross ratios as well as coupling constants. Let us notice that on-shell both the cross ratios u, v vanish as This immediately implies
where the function g is independent of x ij and hence independent of momentum.
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However, we see that if one has dual conformal invariance at loop level, the only nontrivial momentum dependence can come from x ∆ ij where ∆ can get corrected at loops. This may give rise to some nontrivial functions of momenta such as log function. For simplicity, let us assume that ∆'s remain uncorrected.
6 With these assumptions, we see that the momentum dependence of the scattering amplitude is completely fixed.
We now turn to coupling constant dependence. We ask, is it possible to fix the coupling constant dependence completely as well? 5 In general, in momentum space the on-shell S-matrix is a function of two of the s, t, u variables. In general at loop level, one gets complicated functions (having branch cuts, poles) of Mandelstam variables. However, dual conformal invariance implies momentum dependence is rather trivial. 6 One possible way ∆ can get corrected is due to IR divergences.
We assume that, there is no IR divergence. It would be interesting to find out under what condition this is the case.
A. Constraining coupling constant dependence of scattering amplitude
The only other way the S-matrix can get corrected is by g becoming a function of the coupling constant. We ask, is it possible to determine g(κ, λ) in (30) based on some general symmetry principles? The constraints that we can think of are
• Parity invariance.
• Unitarity.
• Duality.
Parity constraint in function g : Let us start by looking at the transformation properties of the S-matrix under parity transformation. From the definition
where Φ(p) = a(p) + ηα(p),
and the action of parity on the on-shell superfield Φ(p)
it follows that
Now, as we have seen earlier, exact dual conformal invariance fixes the all loop amplitude to be proportional to tree level result (51), (52) with only an overall coupling dependent factor, g(κ, λ) 7 , unfixed. To determine the constraint of parity on the function g(κ, λ), let us first look at the action of parity on the coupling independent part of tree amplitude, namely (15) . The parity transformation of the constituent elements of A 4 are as follows
This give us that A 4 is parity odd
Since the momentum dependence is now already completely fixed, (33) implies that the exact S-matrix, and hence T , is parity invariant as it is an even function of the external momenta.
7 λ is the 't Hooft coupling defined as λ = N/κ, not to be confused with similar notation used for the on-shell spinor variables {λ iα }.
Further, using (36) , (35) together with
implies that the function g(κ, λ) should be parity odd
To proceed further, let us distinguish between anyonic and non-anyonic channels. As explained in Eq.(2.41) of [21] , the amplitude in the non-anyonic channel is of order 1 κ and in the anyonic channel, it is of order λ. In the non-anyonic channel, we expect
For anyonic channel we expect to get
We observe that, at odd number of loops, (38) is violated and hence we conclude that one loop as well as any odd loop answer has to vanish. This is consistent with Eq. (6) . Duality constraint in function g: We have seen that dual conformal invariance fixes the momentum dependence completely for four point function but leaves the function ∆(λ), g(κ, λ) unfixed. Let us further assume that there is no IR divergence and ∆(λ) = ∆(λ = 0). Furthermore, self duality of N = 2 under (2) implies g(κ, λ) = ±g(−κ, λ − sgn(λ)). (41) where the last equality is valid up to a sign. To fix the sign ambiguity, we take a special point λ = 1 2 which implies
Now comparing (42) with (38), we immediately get
Duality constraint in non-anyonic channel: In the non-anyonic channel we have
at the tree level, f (λ = 0) = 1 which matches with the tree level answer in (51) . The function f (λ) satisfies
Equation (45) implies
We Fourier transfer the function f (λ) and using (45) we get
Using equation (46) we get
Unitarity constraint on function f (λ) in nonanyonic channel: The unitarity equation for the Smatrix is given by
In the case of the non-anyonic channel, the scattering matrix T ∼ O( 1 κ ) (see (6) ) and hence T T † ∼ O( 1 κ 2 ). Hence, we get no more further constraint on the coupling constant dependence piece. So we conclude that, general symmetry principles can't fix the coupling constant dependence fully.
Duality and unitarity constraint in anyonic channel : A similar analysis can be carried out in the anyonic channel and in this case as well, these general principles are not sufficient enough to fix the coupling constant dependence. However, in the case of anyonic channel unitarity equation (49) gives a nontrivial constraint on the amplitude. This is easy to understand. In the anyonic channel, T ∼ O(λ) and hence order one, as compared to non-anyonic channel where amplitude is order
. Although unitarity gives non-trivial constant on the amplitude, one can check that these constraints are not sufficient to fix the amplitude.
Below we show that for N = 2 CS matter theory, at large N , ∆ is coupling independent and g is a simple function of coupling constant, thus the 2 → 2 scattering amplitude of the N = 2 CS matter theory exhibits dual super conformal invariance.
Explicit computation:
In [1] , the exact 2 → 2 at all loop was computed and it was noted that the all loop result is the same as tree level except in anyonic channel where it gets renormalized by a simple function of coupling constant. The tree level answer is given by
The all loop answer in the non-anyonic channel is given by
In case of anyonic channel we have
This immediately implies
So we see (53) is consistent with duality expectation (43) as well. Note that, above discussion is in confirmation with the fact that, dual conformal invariance of scattering amplitude is all loop exact.
V. 2 → 2 SCATTERING AMPLITUDE AS FREE FIELD CORRELATION FUNCTION IN DUAL SPACE
In this subsection we would like to interpret four point function (15) as a CFT correlator of some operator O. For this we would require to understand the scaling dimension.
Let us begin by noting that, for our case, it is natural to rewrite the ∆ obtained in (19) in the following way [53] 
notice the fact that we write
the factor of 4 came from momenta and supermomenta conservation in (18) . With this separation we have
Plugging this in (D1) and using (30), we get
which is same as that appeared in (15) without the delta functions as expected. Note that all the terms x 12 , x 14 , x 34 whose absolute value vanish, cancel out in (D1). This also serves as a nice consistency check of our computation. We would now like to interpret the function g(κ, λ) that appears in (57) in terms of an OPE expansion. We expect that under u = v = 0, only identity operators will contribute. Let us start with the channel where operators O 2 , O 4 with ∆ = 
where c's are the coefficient of the two point function of operators O. This Eq. (58) implies that
It would be interesting to understand what these operators mean from CFT point of view and compute their two point functions namely c 1 , c 2 independently to verify the claim in (59). So we conclude, as far as 2 → 2 amplitude is concerned, results can be interpreted from a free CFT. It would also be very interesting to understand the same result from the cross channel OPE expansion that we leave for future research. In the cross channel contribution from the other channel, one would generally require all double trace operators with scaling dimensions
where l is the spin of double trace operator. It would be interesting to explicitly show that the same result is reproduced in the other channel. Understanding OPE structure properly might help us compute higher point functions as well.
A. Dual-Conformal invariance at higher point function at loop level
For a general n − point function the number of independent cross ratios are given by
. For a six point function this gives 9 cross ratios, out of which 6 of them vanish onshell and the remaining three can be written as [54] u = x 
So we see that, if the six point amplitude is invariant under dual conformal symmetry, it can be determined up to a function of three variables f 6 (u, v, w, κ, λ). So we see, unlike the four point function, the six point amplitude can get renormalized by a non-trivial function of momentum. We leave the determination of f (u, v, w, κ, λ) for future work. It would be interesting to see, if the full six point or higher point 9 amplitude can be obtained from the OPE expansion discussed in previous subsection.
VI. DISCUSSION
In this paper we have established an all loop exact dual super conformal invariance of 2 → 2 scattering amplitude in N = 2 Chern-Simons theory with fundamental chiral multiplet, which provides an explanation for the remarkable simplicity and non-renormalization (in non-anyonic channels) of these amplitudes. The analysis in this paper opens up a variety of exciting directions for future research, which we briefly discuss below.
In previous known examples, the existence of dual conformal invariance turns out to be related to the Wilson loop -Scattering amplitude duality, see for e.g. in 4d N = 4 SYM [2, 3] . It would be very interesting to see if this also the case for our theory. A cursory look at the relevant set of diagrams shows that, at large N , they are exactly the same as in pure Chern-Simons theory. This indicates that an all loop exact computation is not out of reach. We plan to report on this in near future.
Another natural question to ask is, if the scattering amplitude in our theory also enjoys Yangian symmetry [4, 55, 56] observed in other known examples of theories with dual superconformal invariant amplitudes. In [57], we show that this is indeed the case. Since Yangian is an infinite dimensional symmetry, its presence indicates elements of integrability in the theory and has lead to remarkable developments like the Orthogonal Grassmanian [6, 58, 59 ] representation for amplitudes.
It would also be very interesting to see if dual conformal invariance, or perhaps some anomalous version, exist for non-supersymmetric counterparts of the theory studied in this paper. The scattering amplitudes in the nonsupersymmetric case were computed in [21] and, though the amplitudes do get non-trivial renormalization at loop levels, the results still take reasonably simple form and hence one might expect existence of dual conformal invariance. In the non-relativistic limit, the scattering amplitudes in these Chern-Simons matter theories reproduce the Aharonov-Bohm scattering, as was shown in [1, 21] . It would be quite remarkable if some non-trivial component of dual (super) conformal symmetry of the relativistic amplitudes persist to the non-relativistic limit i.e. Aharonov-Bohm scattering. This would require us to go beyond massless limit studied in this paper.
One of the puzzling features of scattering amplitudes in ABJM theory is the two loop unitarity puzzle [60] , namely that the one-loop amplitude vanishes where as two loop amplitude is non vanishing. Dual superconformal invariance was used extensively to make this puzzle sharp [61] . A similar problem with unitarity arises in Chern-Simons theory coupled to fundamental matter. However, it was remarkably resolved by giving up the standard analyticity properties of the scattering amplitudes [1, 21, 31] , resulting in modification of crossing symmetry rules. We suspect that the resolution of unitarity puzzle for ABJM scattering might also work in a similar fashion. Study of scattering in Chern-Simons matter theories with higher supersymmetry N = 4, 6, in the vector model limit, could shed light on these issues. Quite possibly, dual superconformal invariance may exist for these theories as well, leading to similar puzzle with unitarity. Taking a lesson from the resolution of the puzzle in simpler theories with fundamental matter might give us useful insights into the unitarity puzzle in ABJM theory.
For the case of N = 4 SYM, dual superconformal symmetry was explained in [62] as a certain T-duality involving bosonic and fermionic isometries in the dual AdS 5 × S 5 type IIB string theory. Attempts at finding a similar explanation for the dual superconformal symmetry of ABJM amplitudes on the other hand have encountered difficulties [63] [64] [65] [66] . Given that the holographic dual of theory considered in this paper are Vasiliev higher spin theories, it would be interesting to see as to what does the dual superconformal symmetry, assuming its a exact symmetry for all higher point amplitudes, imply for the holographic Vasiliev duals?
We leave these exciting possibilities for future research.
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Solving these equation gives
Substituting these back we gets the general form for the finite part of 4 point function in null configuration (D3)
Thus we see that dual conformal invariance (D1) combined with the null on-shell condition (D3) restricts the form of finite part the 4 point scattering amplitude to take the very simple form (D11) with only an overall coupling dependence.
